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A QUANTITATIVE WEINSTOCK INEQUALITY
NUNZIA GAVITONE, DOMENICO ANGELO LA MANNA, GLORIA PAOLI, LEONARDO TRANI
Abstract. This paper is devoted to the study of a quantitative Weinstock inequality in higher
dimension for the first non trivial Steklov eigenvalue of the Laplace operator for convex sets.
The key role is played by a quantitative isoperimetric inequality which involves the boundary
momentum, the volume and the perimeter of a convex open set of Rn, n ≥ 2.
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1. Introduction
Let Ω ⊂ Rn, with n ≥ 2, be a bounded, connected, open set with Lipschitz boundary. In this
paper we consider the following Steklov eigenvalue problem for the Laplace operator:
(1.1)


∆u = 0 in Ω,
∂u
∂ν = σu on ∂Ω,
where by ∂u/∂ν we denote the outer normal derivative to u on ∂Ω. It is well-known (see for
instance [2, 14, 4]) that the spectrum is discrete; as a consequence, we have that there exists a
sequence of eigenvalues, 0 = σ0(Ω) < σ1(Ω) ≤ σ2(Ω) ≤ · · · ր +∞, called the Steklov eigenvalues
of Ω. In particular, the first non trivial Steklov eigenvalue of Ω has the following variational
characterization:
(1.2) σ1(Ω) = min


ˆ
Ω
|∇v|2 dx
ˆ
∂Ω
v2 dHn−1
: v ∈ H1(Ω) \ {0},
ˆ
∂Ω
v dHn−1 = 0

 ,
where Hn−1 denotes the (n − 1)−dimensional Hausdorff measure in Rn. If we take Ω = BR(x),
where BR(x) is a ball of radius R cemtered at the point x, then
(1.3) σ1(BR(x)) =
1
R
.
Moreover, we know that σ1(BR(x)) has multiplicity n and the corresponding eigenfunctions are
ui(x) = xi−1, with i = 2, . . . , n + 1. In [17, 18] the author considers the problem of maximizing
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σ1(Ω) in the plane, keeping fixed the perimeter of Ω. More precisely, if Ω ⊂ R2 is a simply
connected and open set, the following inequality, known as Weinstock inequality, is proved
(1.4) σ1(Ω)P (Ω) ≤ σ1(BR(x))P (BR(x)),
where P (Ω) denotes the Euclidean perimeter of Ω. Inequality (1.4) states that, among all planar,
simply connected, open sets with prescribed perimeter, σ1(Ω) is maximum for the disk. In [7], the
authors generalize the Weinstock inequality (1.4) in any dimension, when restricting to the class
of convex sets. More precisely, if Ω ⊂ Rn is an open, bounded, convex set, then
(1.5) σ1(Ω)P (Ω)
1
n−1 ≤ σ1(BR(x))P (BR(x)) 1n−1
and equality holds only if Ω is a ball. In [6] the author investigated and solved the problem of
maximizing σ1(Ω) keeping the volume fixed. It is proved that
(1.6) σ1(Ω)V (Ω)
1
n ≤ σ1(BR(x))V (BR(x)) 1n ,
where V (Ω) denotes the Lebesgue measure of Ω. Recently, in [4], a quantitative version of inequality
(1.6) has been proved.
The aim of this paper is to prove a quantitative version of inequality (1.5). Let ωn be the
measure of the n-dimensional unit ball in Rn and let dH be the Hausdorff distance (defined in
(2.5)). We consider the following asymmetry functional
(1.7) AH(Ω) = min
x∈Rn
{(
dH (Ω, BR(x))
R
)
, P (BR(x)) = P (Ω)
}
,
where Ω ⊂ Rn is a bounded, open, convex set. We observe that AH(Ω) is scaling invariant, hence
AH(Ω) = AH(F ),
where F is a convex set having the same perimeter of the unit ball, that is P (F ) = nωn. Our main
result is stated in the following theorem.
Theorem 1.1. Let n ≥ 2. There exist two costants δ¯ > 0 and C = C(n) > 0 such that for every
Ω ⊂ Rn bounded, convex open set with σ1(BR(x)) ≤ (1 + δ¯)σ1(Ω), where BR(x) is a ball with
P (BR(x)) = P (Ω), then
(1.8)
σ1(BR(x)) − σ1(Ω)
σ1(Ω)
≥


C (AH(Ω))
5
2 if n = 2
C g
(
(AH(Ω))2
)
if n = 3
C (AH(Ω))
n+1
2 if n ≥ 4,
where g is the inverse function of f(t) = t log
(
1
t
)
, for 0 < t < e−1.
The key point to prove Theorem 1.1 is a quantitative version of a weighted isoperimetric
inequality (see Theorem 3.6 for the precise statement).
2. Notation and Preliminary results
2.1. Notation and some definitions. Throughout the paper, the unit ball centered at the origin
will be denoted by B and its boundary by Sn−1; moreover, we will denote by BR the ball centered
at the origin of radius R and by BR(x) the ball centered at x of radius R.
Let Ω ⊆ Rn be a bounded, open set and let E ⊆ Rn be a measurable set. For the sake of
completeness, we recall here the definition of the perimeter of E in Ω:
P (E; Ω) = sup
{ˆ
E
divϕ dx : ϕ ∈ C∞c (Ω;Rn), ||ϕ||∞ ≤ 1
}
.
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The perimeter of E in Rn will be denoted by P (E) and, if P (E) < ∞, we say that E is a set of
finite perimeter. Moreover, if E has Lipschitz boundary, we have that
(2.1) P (E) = Hn−1(∂E),
where Hn−1 is the (n− 1)−dimensional Hausdorff measure in Rn.
We denote by
(2.2) V (E) =
ˆ
E
dx
the volume of the measurable set E ⊆ Rn, i.e. its n-dimensional Lebesgue measure and, if E has
Lipschitz boundary, we denote by
(2.3) W (E) =
ˆ
∂E
|x|2 dHn−1
the boundary momentum of E, where | · | is the euclidean norm in Rn. We observe that P (E),
W (E) and V (E) have the following scaling properties, for t > 0,
(2.4) P (tE) = tn−1P (E) V (tE)) = tnV (E) W (tE) = tn+1W (E).
Finally, we recall the definition of Hausdorff distance between two non-empty compact sets E,F ⊂
Rn, that is (see for instance [16]):
(2.5) dH(E,F ) = inf {ε > 0 : E ⊂ F +Bε, F ⊂ E +Bε} .
Note that, in the case E and F are convex sets, we have dH(E,F ) = dH(∂E, ∂F ) and the following
rescaling property holds
dH(tE, tF ) = t dH(E,F ), t > 0.
Let Ω ⊂ Rn be a bounded, open, convex set. We consider the following asymmetry functional
related to Ω:
(2.6) AH(Ω) = min
x∈Rn
{(
dH (Ω, BR(x))
R
)
, P (Ω) = P (BR(x))
}
,
Definition 2.1. Let Ω ⊆ Rn be a bounded, open set, let (Ej) ⊂ Rn be a sequence of measurable
sets and let E ⊂ Rn be a measurable set. We say that (Ej) converges in measure in Ω to E, and
we write Ej → E, if χEj → χE in L1(Ω), or in other words, if limj→∞ V ((Ej∆E) ∩ Ω) = 0.
We recall also that the perimeter is lower semicontinous with respect to the local convergence
in measure, that means, if the sequence of sets (Ej) converges in measure in Ω to E, then
P (E; Ω) ≤ lim inf
j→∞
P (Ej ; Ω).
As a consequence of the Rellich-Kondrachov theorem, the following compactness result holds; for
a reference see for instance [1].
Proposition 2.2. Let Ω ⊆ Rn be a bounded, open set and let (Ej) be a sequence of measurable
sets of Rn, such that supj P (Ej ; Ω) < ∞. Then, there exists a subsequence (Ejk) converging in
measure in Ω to a set E, such that
P (E; Ω) ≤ lim inf
k→∞
P (Ejk ; Ω).
Another useful property concerning the sets of finite perimeter is stated in the next approxi-
mation result.
Proposition 2.3. Let Ω ⊆ Rn be a bounded, open set and let E be a set of finite perimeter in Ω.
Then, there exists a sequence of smooth, bounded open sets (Ej) converging in measure in Ω and
such that limj→∞ P (Ej ; Ω) = P (E; Ω).
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In the particular case of convex sets, the following lemma holds.
Lemma 2.4. Let (Ej) ⊆ Rn be a sequence of convex sets such that Ej → B in measure, then
limj→∞ P (Ej) = P (B).
Proof. Since, in the case of convex sets, the convergence in measure implies the Hausdorff conver-
gence, we have that limj→∞ dH(Ej , B) = 0 (see for instance [9]). Thus, for j large enough, there
exists εj , such that
(1 − εj)Ej ⊂ B ⊂ (1 + εj)Ej .
Being the perimeter monotone with respect to the inclusion of convex sets then
(1− εj)n−1P (Ej) ≤ P (B) ≤ (1 + εj)n−1P (Ej).
When j goes to infinity, we have the thesis. 
We conclude this paragraph by recalling the following result (see [9]).
Lemma 2.5. Let K ⊆ Rn, n ≥ 2, be a bounded, open, convex set. There exists a positive constant
C(n) such that
(2.7) diam(K) ≤ C(n)P (K)
n−1
V (K)n−2
.
2.2. Nearly spherical sets. In this section we give the definition of nearly spherical sets and we
recall some of their basic properties (see for instance [5, 11, 12]).
Definition 2.6. Let n ≥ 2. An open, bounded set E ⊂ Rn is said a nearly spherical set
parametrized by v, if there exists v ∈ W 1,∞(Sn−1) such that
(2.8) ∂E =
{
y ∈ Rn : y = x(1 + v(x)), x ∈ Sn−1} ,
with ||v||W 1,∞ ≤ 12 .
Note also that ||v||L∞ = dH(E,B). The perimeter, the volume and the boundary momentum
of a nearly spherical set are given by
(2.9) P (E) =
ˆ
Sn−1
(1 + v(x))
n−2
√
(1 + v(x))
2
+ |Dτv(x)|2 dHn−1,
(2.10) V (E) =
1
n
ˆ
Sn−1
(1 + v(x))
n
dHn−1,
(2.11) W (E) =
ˆ
Sn−1
(1 + v(x))n
√
(1 + v(x))2 + |Dτv(x)|2 dHn−1.
Finally, we recall two lemmas that we will use later. The first one is an interpolation result;
for its proof we refer for instance to [11, 12].
Lemma 2.7. If v ∈W 1,∞(Sn−1) and
ˆ
Sn−1
v dHn−1 = 0, then
||v||n−1L∞(Sn−1) ≤


pi‖Dτv‖L2(Sn−1) n = 2
4||Dτv||2L2(Sn−1) log
8e||Dτv||
n−1
L∞(Sn−1)
||Dτv||2
L2(Sn−1)
n = 3
C(n)||Dτv||2L2(Sn−1)||Dτv||n−3L∞(Sn−1) n = 4
(2.12)
For this second lemma see for instance [12].
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Lemma 2.8. Let n ≥ 2. There exists ε0 such that, if E is a convex, nearly spherical set with
V (E) = V (B) and ||v||W 1,∞ ≤ ε0, then
(2.13) ||Dτv||2L∞ ≤ 8||v||L∞ .
Finally, we prove the following
Lemma 2.9. Let n ≥ 2 and let E ⊆ Rn be a bounded, convex, nearly spherical set with ||v||W 1,∞ ≤
δ, then
(2.14) dH(E,E
∗) ≤ C(n)dH(E,E♯),
where E∗ and E♯ are the balls centered at the origin having, respectively, the same perimeter and
the same volume as E.
Proof. By the properties of the Hausdorff distance, we get
(2.15) dH(E,E
∗) ≤ dH(E,E♯) + dH(E∗, E♯) = dH(E,E♯) +
(
P (E)
nωn
) 1
n−1
−
(
V (E)
ωn
) 1
n
= dH(E,E
♯) +
(
V (E)
ωn
) 1
n


(
P (E)
nω
1
n
n V (E)
n−1
n
) 1
n−1
− 1

 .
We stress that, in the square brackets, we have the isoperimetric deficit of E, which is scaling
invariant. Let F ⊆ Rn be a convex, nearly spherical set parametrized by vF , with ||vF ||W 1,∞ ≤ δ
and V (F ) = V (B). Being F nearly spherical and ||vF ||W 1,∞ ≤ δ, from (2.9) and Lemma 2.8, we
get
(2.16)
(
P (F )
nω
1
n
n V (F )
n−1
n
) 1
n−1
− 1 =
(
P (F )
nωn
) 1
n−1
− 1 =
=
(
1
nωn
ˆ
Sn−1
(1 + vF (x))
n−2
√
(1 + vF (x))
2
+ |DτvF (x)|2
) 1
n−1
− 1 ≤
≤ C(n)||vF ||2W 1,∞ ≤ C(n)||vF ||L∞ .
As a consequence, recalling that ||vF ||L∞ = dH(F,B),
(
V (E)
ωn
) 1
n


(
P (E)
nω
1
n
n V (E)
n−1
n
) 1
n−1
− 1

 ≤ C(n)dH(E,E♯).
Using this inequality in (2.15), we get the claim. 
3. An Isoperimetric inequality
In [6] the author proved a weighted isoperimetric inequality where the perimeter is replaced
by the boundary momentumW (E), defined as in (2.3). More precisely, it is proved that, if E ⊆ Rn
is a Lipschitz set, then
(3.1)
W (E)
V (E)
n+1
n
≥ W (B)
V (B)
n+1
n
= nω−1/nn ,
and equality holds for a ball. The inequality (3.1) implies that, among sets with fixed volume, the
boundary momentum and the perimeter are both minimal on balls.
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An isoperimetric inequality for a functional involving the quantities P (E), W (E) and V (E) is
proved in [17] in the planar case and then in [7] in any dimension, restricting to the class of convex
sets. More precisely, if E ⊆ Rn is a bounded, open, convex set, it is proved that
(3.2) J (E) = W (E)
P (E) V (E)
2
n
≥ W (B)
P (B) V (B)
2
n
= ω
−2
n
n = J (B)
where equality holds only on balls centered at the origin.
In the same spirit, if F ⊂ Rn is a bounded, open, convex set, we define the following functional
(3.3) I(F ) =
W (F )
V (F )P (F )
1
n−1
.
The following isoperimetric inequality holds.
Proposition 3.1. Let n ≥ 2. For every bounded, open, convex set F ⊂ Rn, it holds
(3.4) I(F ) ≥ n
(nωn)
1
n−1
= I(B).
Equality holds only for balls centered at the origin.
Proof. The proof follows easily by using inequality (3.2), the standard isoperimetric inequality and
observing that
I(F ) = J (F )
(
P (F )
V (F )1−
1
n
)n−2
n−1
.

Our aim is to prove a quantitative version of (3.4). From now on, we will use the following
notation
(3.5) D(E) = I(E)− n
(nωn)
1
n−1
= I(E)− I(B).
3.1. Stability for nearly spherical sets. Following Fuglede’s approach (see [11]), we first prove
a quantitative version of (3.4) for nearly spherical sets of the form (2.6), when n ≥ 3.
Theorem 3.2. Let n ≥ 3 and B the unit ball of Rn centered at the origin. Then, there exist three
positive constants C1(n), C2(n) and ε = ε(n), such that, if E ⊆ Rn is a nearly spherical set with
P (E) = P (B) and ||v||W 1,∞ ≤ ε, then
(3.6) C1(n)||v||W 1,1(Sn−1) ≥ D(E) ≥ C2(n)||v||2W 1,2(Sn−1).
Proof. Setting v = tu, with ||u||W 1,∞ = 1/2, we have ||v||W 1,∞ = t||u||W 1,∞ = t/2. Thus, using
the expressions of P (E) and W (E) given in (2.9) and (2.11), we get
D(E) = n
P (B)
1
n−1


ˆ
Sn−1
(1 + tu(x))
n
√
(1 + tu(x))2 + t2|Dτu(x)|2 dHn−1ˆ
Sn−1
(1 + tu(x))n dHn−1
− 1

(3.7)
=
n
P (B)
1
n−1


ˆ
Sn−1
(1 + tu(x))
n
(√
(1 + tu(x))2 + t2|Dτu(x)|2 − 1
)
dHn−1
nV (E)

 .
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Now we prove the lower bound in (3.6). Firstly we take into account the numerator in (3.7). Let
fk(t) = (1 + tu)
k
√
(1 + tu)2 + t2|Dτu|2. An elementary calculation shows that
fk(0) = 0, f
′
k(0) = (k + 1)u, f
′′
k (0) = (k)(k + 1)u
2 + |Dτu|2
f ′′′k (τ) ≤ 2(k + 2)(k + 1)k
(
u3 + |u||Dτu|2
)
(3.8)
for any τ ∈ (0, t). Thus, since the numerator of (3.7) is given by fn(t) − (1 + tu)n, using the
Lagrange expression of the remainder term, we can Taylor expand up to the third order, obtaining
(3.9)
ˆ
Sn−1
(1 + tu(x))
n
(√
(1 + tu(x))2 + t2|Dτu(x)|2 − 1
)
dHn−1
≥ t
ˆ
Sn−1
udHn−1 + nt2
ˆ
Sn−1
u2dHn−1 + 1
2
t2
ˆ
Sn−1
|Dτu|2dHn−1
− C(n)εt2
ˆ
Sn−1
(
u2 + |Dτu|2
)
dHn−1.
Since P (E) = P (B), we haveˆ
Sn−1
(1 + tu(x))n−2
√
(1 + tu(x))2 + t2|Dτu(x)|2 dHn−1 =
ˆ
Sn−1
1dHn−1.(3.10)
Using (3.8) for fn−2, we infer
(3.11) t
ˆ
Sn−1
udHn−1 ≥ −n− 2
2
t2
ˆ
Sn−1
u2dHn−1 − t
2
2(n− 1)
ˆ
Sn−1
|Dτu|2dHn−1
− C1(n)εt2
ˆ
Sn−1
(
u2 + |Dτu|2
)
dHn−1.
Since n ≥ 3 , using inequality (3.11) in (3.9), we get
(3.12)
ˆ
Sn−1
(1 + tu(x))
n
(√
(1 + tu(x))2 + t2|Dτu(x)|2 − 1
)
dHn−1
≥
(
n+ 2
2
− C2(n)ε
)
t2
ˆ
Sn−1
u2dHn−1 +
(
n− 2
2(n− 1) − C1ε
)
t2
ˆ
Sn−1
|Dτu|2dHn−1.
Choosing ε = 12 min
{
n+2
2C2(n)
, n−22C1(n−1)
}
, we obtain
D(E) ≥ C2(n)||tu||2W 1,2(Sn−1) ≥ C2(n)||v||2W 1,2(Sn−1),
which is the lower bound in (3.6). Then,
(3.13)
W (E)
nV (E)
− 1 =
ˆ
Sn−1
(1 + v(x))
n
(√
(1 + v(x))
2
+ |Dτv(x)|2 − 1
)
dHn−1
nV (E)
≤ C(n)
ˆ
Sn−1
(√
(1 + v(x))
2
+ |Dτv(x)|2 − 1
)
dHn−1
nV (E)
≤ C(n)
ˆ
Sn−1
(√
(1 + v(x) + |Dτv(x)|)2 − 1
)
dHn−1
nV (E)
≤ C(n)
ˆ
Sn−1
(|v(x)| + |Dτv(x)|) dHn−1
nV (E)
≤ C(n)||v||W 1,1(Sn−1),
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where last inequality follows from Ho¨lder inequality and from the following estimate
nV (E) =
ˆ
Sn−1
(1 + v(x))
n
dHn−1 ≥ nωn
(
1
2
)n
.

3.2. Stability for convex sets. Before completing the proof of the quantitative version of the
inequality (3.4), we need the following useful technical lemmas.
Lemma 3.3. Let n ≥ 2. There exists M > 0 such that, if F ⊆ Rn is a bounded, open, convex
set with I(F ) ≤ 2n
(nωn)
1
n−1
and |F | = 1, then F ⊂ QM , where QM is the hypercube centered at the
origin with edge M .
Proof. Since the functional is scale invariant, we can assume |F | = 1. Let L > 1, we have
W (F ) =
ˆ
∂F
|x|2dHn−1 =
ˆ
(∂F )∩QL
|x|2dHn−1 +
ˆ
∂F\QL
|x|2dHn−1
≥
ˆ
∂F∩QL
|x|2dHn−1 + L2P (F ;C(QL)),
where by C(QL) we denote the complementary set of QL in R
n. Since F is convex, also F ∩ QL
is convex and then
(3.14) P (F ) ≤ P (F ;C(QL)) + P (F;QL) ≤ P (F ;C(QL)) + 2Ln−1,
by the monotonicity of the perimeter. Suppose P (F ) > Ln; then, equation (3.14) gives P (F ;C(QL)) ≥
Ln − 2Ln−1 and, as a consequence,
(3.15) I(F ) ≥
ˆ
∂F∩QL
|x|2dHn−1 + L2P (F ;C(QL))
(P (F ;C(QL) + 2Ln−1)
1
n−1
>
Ln+2 − Ln+1
L
n
n−1
.
The previous inequality leads to a contradiction for L large enough, since we are assuming I(F ) <
2n
(nωn)
1
n−1
, while the last term of the above inequality diverges when L → ∞. Thus, there exists
L0 such that, for every convex set F with I(F ) ≤ 2n
(nωn)
1
n−1
, we have P (F ) < Ln0 . Since |F | = 1
and P (F ) ≤ Ln0 , using (2.7), we get
diam(F ) ≤ C(n)Ln(n−1)0 .
The last inequality proves (3.14), if we choose M = C(n)L
n(n−1)
0 . 
Lemma 3.4. Let (Fj) ⊆ Rn, n ≥ 2, be a sequence of convex sets such that I(Fj) ≤ 2n
(nωn)
1
n−1
and
P (Fj) = P (B). Then, there exists a convex set F ⊆ Rn with P (F ) = P (B) and such that, up to a
subsequence,
(3.16) |Fj∆F | → 0 and I(F ) ≤ lim inf I(Fj).
Proof. The existence of the limit set F comes from the proof of Lemma 3.3: since I(Fj) <
2n
(nωn)
1
n−1
,
there exists M > 0 such that Fj ⊂ QM and P (Fj) = P (B) for every i ∈ N. Thus, the sequence
A QUANTITATIVE WEINSTOCK INEQUALITY 9
{χ
Ej
}j∈N is precompact in BV (QM ) and so there exists a subsequence and a set F such that
|F∆Fj | → 0. Moreover, from Lemma 2.4, we have that P (F ) = P (B). Note that we can write
W (F ) = sup
{ˆ
F
div
(|x|2φ(x)) dx, φ ∈ C1c (QM ,Rn), ||φ||∞ ≤ 1
}
.
Observing that ˆ
F
|div (|x|2φ(x)) |dx ≤M ||divφ||∞ +M2,
using the dominate convergence theorem, we have that the functional
F →
ˆ
F
div
(|x|2φ(x)) dx
is continuous with respect to the L1 convergence. Hence, since W (F ) is obtained by taking the
supremum of continuous functionals, it is lower semicontinuous. As a consequence, we obtain the
inequality (3.16). 
The next result allows us to reduce the study of the stability issue to nearly spherical sets.
Lemma 3.5. Let n ≥ 2. For every ε > 0, there exists δε > 0 such that, if E ⊆ Rn is a bounded,
open, convex set with P (E) = P (B) and D(E) < δε, with D(E) defined as in (3.5), then there
exists a Lipschitz function v ∈ W 1,∞(Sn−1) such that E is a nearly spherical set parametrized by
v and ‖v‖W 1,∞ ≤ ε.
Proof. Firstly, we prove that dH(E,B) < ε. Suppose by contraddiction that there exists ε0 > 0
such that, for every j ∈ N, there exists a convex set Ej with I(Ej)− 2n
(nωn)
1
n−1
<
1
j
, dH(Ej , B) > ε0
and P (Ej) = P (B). By Lemma 3.4, we have that there exists a convex set E such that Ej
converges to E in measure and P (E) = P (B). From the semicontinuouity of W (E), we have that
I(E) ≤ lim inf I(Ej) ≤ 2n
(nωn)
1
n−1
. Since B is the only minimizer of the functional I, we obtain
the contradiction. Then, since E is convex and dH(E,B) ≤ ε, E contains the origin and so there
exists a Lipschitz function v ∈ L∞(Sn−1), with ||v||∞ < ε, such that
∂E = {x(1 + v(x)), x ∈ Sn−1}.
Now, in order to complete the proof, we have only to show that ‖v‖W 1,∞ is small when D(E) is
small. This is a consequence of Lemma 2.8. 
Now we can prove the stability result for the inequality (3.4). We first consider the case n ≥ 3.
The two dimensional case will be discussed separately in the next section.
Theorem 3.6. Let n ≥ 3. There exist δ and C(n) > 0 such that, if E ⊆ Rn is a bounded, open,
convex set with D(E) ≤ δ, then
AH(E) ≤


√
D(E) log 1D(E) n = 3
C(n) (D(E)) 2n+1 n ≥ 4,
(3.17)
where AH(E) and D(E) are defined in (2.6) and (3.5) respectively.
Proof. Since the functional I is scaling invariant, we can suppose that E is a convex set with
P (E) = P (B). We fix now ε > 0. Using Lemma 3.5, we can suppose that there exists v ∈
W1,∞(S
n−1) with ||v||W1,∞ < ε such that
∂E = {x(1 + v(x)), x ∈ Sn−1}.
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Then, if we take ε small enough, by Theorem 3.2, we obtain
D(E) ≥ C(n)||v||2W 1,2(Sn−1).
Let F = λE, with λ such that V (F ) = V (B). From the isoperimetric inequality, it follows that
λ > 1. Since the quantity I(E) is scaling invariant, we have that I(F ) = I(E) and, from the
definition of F , that
(3.18) ∂F = {λx(1 + v(x)), x ∈ Sn−1} = {x(1 + (λ− 1 + λv(x))), x ∈ Sn−1}.
Using the definition of λ , we obtain
λn − 1 = V (B)
V (E)
− 1 =
∑n
k=1
(
n
k
) ˆ
Sn−1
vkHk−1
V (E)
and, as a consequence,
(3.19) λ− 1 =
∑n
k=1
(
n
k
)ˆ
Sn−1
vkHk−1
V (E)
∑n−1
0 λ
k
.
Let now h(x) = λ− 1 + λv(x). Note that ||h||W 1,∞ < 2n||v||W 1,∞ and that λn ∈ (1, 2). Moreover,
using Ho¨lder inequality, it is easy to check that
||h||2L2(Sn−1) ≤ 2n+2||v||2L2(Sn−1) and ||Dτh||2L2(Sn−1) ≤ 21/n||Dτv||2L2(Sn−1).
Thus,
(3.20) D(F ) = D(E) ≥ C2(n)||h||2W 1,2(Sn−1) ≥ 2−n−1C2(n)||h||2W 1,2(Sn−1).
Let g = (1+h)n−1. Then, since V (F ) = V (B), we have ´
Sn−1
gdHn−1 = 0 and, from the smallness
assumption on u, we immediately have 12 |h| ≤ |g| ≤ 2|h| and 12 |Dh| ≤ |Dg| ≤ 2|Dh|. Now we have
to distinguish the cases n = 3 and n ≥ 4 , since we are going to apply the interpolation Lemma
2.7 to g. In the case n ≥ 4, we get
||h||∞ ≤ 2||g||∞ ≤ C(n)||Dτg||
2
n−1
L2(Sn−1)||Dτg||
n−3
n−1
L∞(Sn−1)
≤ C(n)||Dτh||
2
n−1
L2(Sn−1)||Dτh||
n−3
n−1
L∞(Sn−1) ≤ C(n)||Dτh||
2
n−1
L2(Sn−1)||h||
n−3
2(n−1)
L∞(Sn−1),
where in the last inequality we use (2.13). From the above chain of inequalities we deduce
||h||
n+1
2
L∞ ≤ C(n)||Dτh||2L2(Sn−1)
and finally, recalling that F = λE and V (F ) = V (B), we get
(3.21) D(E) ≥ Cn||Dτh||2L2(Sn−1) ≥ Cn||h||
n+1
2
L∞ = CndH(F,B)
n+1
2 = Cn
(
dH(E,E
♯)
V (E)
1
n
)n+1
2
.
So, using (2.14) and the isoperimetric inequality, we obtain the desired result (3.17) in the case
n ≥ 4. We proceed in an analogous way in the case n = 3. Firstly we observe that, by definition of
h, there exists a positive constant A such that ||v||W 1,1(Sn−1) ≤ A||h||W 1,1(Sn−1). Then, the upper
bound in (3.17) in terms of h, can be written as follows
(3.22) D(E) = D(F ) ≤ C¯||h||W 1,1(Sn−1),
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with C¯ positive costant depending on the dimension. Applying Lemma 2.7 to g and using Lemma
2.8, we obtain:
||h||2∞ ≤ 4||g||2∞ ≤ 16||Dτg||2L2(Sn−1) log
[
8e||Dτg||2∞
||Dτg||2L2(Sn−1)
]
≤ 64||Dτh||2L2(Sn−1) log
[
32e||Dτh||2∞
||Dτg||2L2(Sn−1)
]
≤ 64||Dτh||2L2(Sn−1) log
[
C ||h||∞
||Dτg||2L2(Sn−1)
]
.
Choosing now ||h||∞ small enough, from the upper bound in (3.6), we have
(3.23) ||h||2∞ ≤ 64||Dh||2L2(Sn−1) log
[
1
D(E)
]
,
and, as a consquence, using (3.6) and (3.23),
D(E) log
(
1
D(E)
)
≥ C1(n)||Dτh||L2(Sn−1) log
(
1
D(E)
)
≥ C||h||2∞
log
(
1
D(E)
)
log
(
1
D(E)
) = C||h||2∞.

3.3. Optimality issue. In this section we will show the sharpness of inequality (3.17) and, as a
consequence, the sharpness for the exponent of the quantitative Weinstock inequality. We start by
taking into exam the case n = 3.
Theorem 3.7. Let n = 3. There exists a family of convex sets {Eα}α>0 such that for every α
D(Eα)→ 0, when α→ 0
and
(3.24) AH(Eα) = C
√
D(Eα) log 1D(Eα)
where C is a suitable positive constant independent of α.
Proof. We follow the idea contained in [11] (Example 3.1) and recall it here for the convenience
of the reader. Let α ∈ (0, pi/2) and consider the following function ω = ω(ϕ) defined over S2 and
depending only on the spherical distance ϕ, with ϕ ∈ [0, pi], from a prescribed north pole ξ∗ ∈ S2:
ω = ω(ϕ) =


− sin2 α log (sinα) + sinα (sinα− sinϕ) for sinϕ ≤ sinα
− sin2(α) log (sinϕ) for sinϕ ≥ sinα.
(3.25)
Let g := ω − ω¯, with ω¯ the mean value of ω, i.e.
ω¯ =
ˆ π/2
0
ω(ϕ) sinϕ dϕ = (1− log 2)α2 +O(α3),
when α goes to 0, and let
R := (1 + 3g)
1/3
= 1 + h.
The C1 function R = R(ϕ) determines in polar coordinates (R,ϕ) a planar curve. We rotate this
curve about the line ξ∗R, determining in this way the boundary of a convex and bounded set, that
we call Eα. We can observe that h and g are the same fuctions cointained in the proof of Theorem
3.6. The set Eα is indeed a nearly spherical set, which has h as a representative function and
with V (Eα) = V (B). Therefore, taking into account the computations contained in the proof of
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Theorem 3.6 relative to the functions h and g and the ones contained in [11] combined with (3.6),
we have
(3.26) ||g||∞ = α2 log 1
α
+O(α2),
(3.27) ||h||∞ ≥ 1
2
||g||∞ = 1
2
α2 log
1
α
+O(α2),
and
||∇h||22 = ||∇g||22 = α4 log
(
1
α
)
+O(α4).
Using (3.22), we obtain:
(3.28) D(Eα) = O
(
α4 log
1
α
)
Consequently
(3.29) D(Eα) log
(
1
D(Eα)
)
= O
(
α2 log
1
α
)2
.
So, we have that D(Dα)→ 0 as α goes to 0 and, combining (3.27) with (3.29), we have the validity
of (3.24). 
We show now the sharpness of the quantitative Weinstock inequality in dimension n ≥ 4.
Theorem 3.8. Let n ≥ 4. There exists a family of convex sets {Pα}α>0 such that
D(Pα)→ 0, when α→ 0
and
AH(Pα) ≥ C(n) (D(Pα))2/(n+1) ,
where C(n) is a suitable positive constant.
Proof. In this proof we follow the costruction given in [11] (Example 3.2). Let α ∈]0, pi/2[ and let
Pα be the convex hull of B ∪ {−p, p}, where p ∈ Rn is given by
|p| = 1
cosα
.
We have that
V (Pα) = ωn +
2
n(n+ 1)
ωn−1α
n+1 +O(αn+3)
and
P (Pα) = nV (Pα).
We provide here the computation of the boundary momentum, that is
(3.30)
W (Pα) =
2ωn−1
n(n+ 1)
(sin(α))(n−1)
cos(α)
(
n2 + n+ 2 tan2(α)
)
+2(n−1)


√
pi Γ
(
n− 1
2
)
2Γ
(n
2
) − ˆ α
0
sinn−2(θ) dθ

 .
As a consequence, we have
(nωn)
1
n−1V (Pα)P (Pα)
1
n−1D(Pα) = (nωn)
1
n−1
2ωn−1
n+ 1
(n− 2)
n(n− 1)α
n+1 + o(αn+3).
Since AH(Dα) behaves asimptotically as α2, we have proved the desired claim. 
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4. The planar case
In this section we discuss the stability of the isoperimetric inequality (3.4) in the plane. In
R2 we cannot use the same arguments used in higher dimensions to obtain a stability result for
(3.4). Moreover, we observe that, in two dimension, the inequality (3.2) contained in [7] and the
inequality (3.4) are proved by Weinstock in [17], using the representation of a two dimensional
convex set via its support function. More precisely, let E ⊂ R2 be an open, smooth, convex set
in the plane containing the origin and let h(θ) be the support function of E with θ ∈ [0, 2pi].
Weinstock proved in [17] the following inequality (see also [7] for details)
(4.1) piW (E)− P (E)V (E) ≥ P (E)
2
ˆ 2π
0
p2(θ) dθ ≥ 0,
where, for every θ ∈ [0, 2pi], p(x) is defined by
h(θ) =
P (E)
2pi
+ p(θ).
By the definition of support function, it holdsˆ 2π
0
h(θ) dθ = P (E).(4.2)
Moreover, since E is convex, we have
h(θ) + h′′(θ) ≥ 0.(4.3)
Then, the function p verifies ˆ 2π
0
p(θ) dθ = 0,
and
P (E)
2pi
+ p(θ) + p′′(θ) ≥ 0.(4.4)
We observe that
(4.5) ‖p‖L∞([0,2π]) = dH(E,E∗),
where E∗ is the disc centered at the origin having the same perimeter as E. Consider θ0 ∈ [0, 2pi]
such that ‖p‖L∞ = p(θ0). By using property (4.4), it is not difficult to prove the following result.
Proposition 4.1. Let p be as above, then
(4.6) p(θ) ≥ γ(θ),
where γ(θ) := p(θ0) − 1
2
(
P (E)
2pi
+ p(θ0))
)
(θ − θ0)2 is a parabola which vanishes at the following
points
θ1,2 = θ0 ±
√
2p(θ0)
P (E)
2π + p(θ0)
.
Proof. By property (4.4), we obtain
(4.7) p(θ) = p(θ0) +
ˆ θ
θ0
p′(t) dt = p(θ0) +
ˆ θ
θ0
ˆ t
θ0
p′′(s) ds dt
≥ p(θ0) +
ˆ θ
θ0
ˆ t
θ0
−
(
P (E)
2pi
+ p(s)
)
ds dt
≥ p(θ0)−
(
P (E)
2pi
+ p(θ0)
)
(θ − θ0)2
2
,
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which is the claim. Then, p is above the parabola γ, that attains its zeros at the following points:
θ1,2 = θ0 ±
√
2p(θ0)
P (E)
2π + p(θ0)
.
This concludes the proof. 
Inequality (4.1) implies Weinstock inequality but it hides also a stability result. Indeed, by
using the previous Proposition, we get the following quantitative Weinstock inequality in the plane.
Theorem 4.2. There exist δ and a positive constant C such that, if E ⊂ R2 is a bounded, open,
convex with D(E) ≤ δ, then
CAH(E) 52 ≤ D(E),
where AH(E) and D(E) are defined in (2.6) and (3.5) respectively. Moreover, the exponent 52 is
sharp.
Proof. Since the functional D is scaling invariant, we can assume that E is a strictly convex set of
finite measure with P (E) = P (B) = 2pi. From Lemma 3.5, if we take a sufficiently small ε, there
exists δ > 0 such that, if D(E) ≤ δ, then E contains the origin, its boundary can be parametrized
as above by means the support function and, by (4.5),
d := ‖p‖L∞([0,2π]) ≤ ε.
Under these assumptions, since in particular |d| < 12 , Proposition 4.1 gives
(4.8) p(θ) ≥ d−
(
1 + d
2
)
(θ − θ0)2 ≥ d− (θ − θ0)
2
4
.
Denoting by θ1,2 the zeros of the parabola d− (θ−θ0)
2
4 , that are
θ1,2 = θ0 ± 2
√
d,
by using (4.1), the isoperimetric inequality, Ho¨lder inequality and (4.8), we get
(4.9) D(E) = W (E)
P (E)V (E)
− 1
pi
=
piW (E)− P (E)V (E)
piP (E)V (E)
≥ 1
2pi2
ˆ 2π
0
p2(θ) dθ
>
1
2pi2
ˆ θ2
θ1
p2(θ) dθ ≥ 1
2pi2(θ2 − θ1)
(ˆ θ2
θ1
p(θ) dθ
)2
>
16
9pi2
d
5
2 .
By (4.5) and (2.6), being P (E) = 2pi, we get the claim.
In order to conclude the proof, we have to show the sharpness of the exponent. We construct
a family of strictly convex sets Eε, with P (Eε) = 2pi, such that
D(Eε)→ 0 for ε→ 0,
and
AH(Eε) = Cε 52 .
Let us consider the convex set E having the following support function:
h(θ) = 1 + p(θ), θ ∈ [0, 2pi],
where the function p is the following
p(θ) =


−b if θ ∈ [0, α1]
ε− (θ−π)24 if θ ∈ [α1, α2]
−b if θ ∈ [α2, 2pi].
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Here the parameters b, α1 and α2 are
b =
4
3
ε
3
2
pi − 2√ε , α1 = pi − 2
√
ε, α2 = pi + 2
√
ε.
By construction, we have that
P (Eε) = 2pi and
ˆ 2π
0
p(θ) dθ = 0.
We recall that (see for instance [17, 18, 7])

V (Eε) =
1
2
ˆ 2π
0
(
h2(θ) + h(θ)h′′(θ)
)
dθ
W (Eε) =
ˆ 2π
0
(
h3(θ) +
1
2
h2(θ)h′′(θ)
)
dθ.
Arguing as in the proof of Weinstock inequality, a simple calculation gives
(4.10) piW (E)− P (E)V (E) = pi
ˆ 2π
0
p2(θ)
(
2 + p(θ) +
1
2
p′′(θ))
)
dθ =
2pi
ˆ 2π
0
p2(θ) dθ + pi
ˆ 2π
0
p3(θ) dθ +
pi
2
ˆ 2π
0
p2(θ)p′′(θ) dθ = Cε
5
2 +O(ε3),
where C is a positive constant. This concludes the proof. 
5. Proof of Theorem 1.1
The proof is a consequence of Theorems 3.6 and 4.2. Since all the quantities involved are
invariant under translations, we can assume that ∂Ω has the origin as barycenter.
Under this assumption in [7] it is proved that
(5.1) σ(Ω) ≤ nV (Ω)
W (Ω)
.
By (5.2), it holds
(5.2) σ(BR(x)) =
1
R
=
[
nωn
P (Ω)
]1/(n−1)
,
then, using the previous inequality and (3.3), we have
(5.3)
σ(BR(x)) − σ(Ω)
σ(Ω)
=
σ(BR(x))
σ(Ω)
− 1 ≥ W (Ω)
nV (Ω)
(
nωn
P (Ω)
)1/(n−1)
− 1 = (nωn)
1
n−1
n
D(Ω).
Let δ be as in Theorem 3.6. Then if Ω is such that σ1(BR(x)) ≤ (1+ δ¯)σ1(Ω), with δ¯ = (nωn)
1
n−1
n δ
then D(Ω) ≤ δ and, for n ≥ 4 from (3.17) in Theorem 3.6, we get
σ(BR(x)) − σ(Ω)
σ(Ω)
≥ C(n)(AH(Ω))
n+1
2 .
If n = 3, we can conclude a similar way, observing that f(t) = t log
(
1
t
)
is invertible for 0 < t < e−1.
Thus, being D(Ω) small, we can explicit it in (3.17), obtaining the thesis. The result in two
dimension follows from Theorem 4.2.
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